A DISCRETE VALUATION OF SWING OPTIONS

ALI LARI-LAVASSANI, MOHAMADREZA SIMCHI, AND ANTONY WARE

ABSTRACT. A discrete forest methodology is developed for swing options as
a dynamically coupled system of European options. Numerical implementa-
tion is fully developed for one- and two-factor, mean-reverting, underlying
processes, with application to energy markets. Convergence is established via
finite difference methods. Qualitative properties and sensitivity analysis are
considered.

1. INTRODUCTION

Swing contracts have traditionally been used in the natural gas industry to pro-
vide hedging via the introduction of limited dynamic flexibility in the quantity of
gas acquired. More generally this type of option is of value in any market where the
physical transfer of the underlying asset must take place through interconnected
networks, and is thus subject to volume constraints. This is the case for natural
gas and pipelines, electricity and cable based telecommunications and their trans-
mission lines, wireless telecommunications and their bandwidths. Going beyond
issues of trading, dynamic risk management of real assets such as these complex
interconnected networks could benefit from the methodology presented here.

Our aim in writing this paper is two-fold. First, in spite of their important appli-
cations, little fundamental work seems to have been done in modeling and valuing
swing options; the few available published papers are qualitative in nature and do
not provide a mathematical model or a solid ground for numerical implementation.
Secondly, mean-reverting processes are increasingly being used to model the price
processes of commodities and energy; we provide here a unified treatment of the
numerical implementation of discrete mean-reverting processes.

The swing option can be viewed as a generalization of a Bermudan option, due
to its multiple exercise feature. We model it as a dynamically coupled system of
European options, and opt for a discrete forest model, which results in a realistic
and practical numerical algorithm. We limit ourselves to modeling a swing op-
tion on one given underlying asset. Generalization to the case of multiple assets
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is straightforward but leads to challenging computational problems due to high
dimensionality. One promising avenue would be to investigate numerical imple-
mentation on parallel computer. We do however allow the single underlying asset
to follow a multi-factor stochastic process. A distinctive characterization of the
methodology developed here is its abstract and general nature, which makes it ap-
plicable to any discrete modeling of the underlying asset, in particular binomial or
trinomial trees, or indeed trees with any number of branching jumps. This abstract
setting lends itself to a European style of exercise of the swing rights. We fully
develop numerical implementations of swing options on mean-reverting underlying
processes via binomial trees.

The paper is written in a self contained manner and full arguments are presented
to the extent possible. It is organized as follows: Section 2 discusses some classical
examples of one- and two-factor mean-reverting linear stochastic differential equa-
tions. These model energy price or interest rate processes, and throughout this
work, they will be used to illustrate the methods and results. Section 3 presents a
general abstract look at discrete modeling of stochastic processes. Section 4 inves-
tigates numerical implementations of mean-reverting processes on binomial trees.
Section 5 describes a general swing option contract. Section 6 develops a mathe-
matical model for the swing option via a forest methodology. Section 7 is devoted
to numerical investigation of convergence, hedge parameters and comparison with
a basket of American options. Section 8 proves the convergence of the binomial
tree swing option valuation, showing that the upper bound on the error is inversely
proportional to the number of time steps in the tree.

2. UNDERLYING PROCESSES AND APPLICATIONS TO ENERGY MODELS

The general setting for swing options developed in Section 6 is quite abstract and
applies to all discrete processes. To make ideas more transparent we first introduce
in this section one- and two-factor models historically used for short term interest
rates, and which are now finding applications in the energy commodity markets
as in [S, 1998], [P, 1997], [HR, 1998], [JRT, 1998]. When using these models to
price options, it is implicitly assumed that they reflect the risk neutralized price
processes, perhaps via the incorporation of a model of the cost-of-carry or the
market-price-of-risk functions, see [H, 1999]. This will be the working assumption
for the remainder of this paper.

A general diffusion one-factor model is:

(21) dSt = /L(St,t)dt+0(5t,t)dzt,

where p and o are C? differentiable and satisfy the usual linear growth conditions
to guarantee the existence of solutions of the above stochastic differential equation
(see [KP, 1999] Theorem 4.5.3, p. 131), and dZ; is a standard Brownian motion,
E(dZ;) = 0, and E((dZ;)?) = dt. We will consider two classical particular cases:

(22) dSt = [LSt dt + O'St dZt

(23) dSt = a(L - St) dt + O'St dZt,

where p, «, 0 and L are constants. The following system of stochastic linear
differential equations is a possible two-factor model for energy and commodity spot
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price processes:

dSt = Oé(Lt - St) dt + O'St dZt
st = U Lt dt + th th,

where «, p, 0 and £ are constants and dZ; and dW; are uncorrelated standard
Brownian motions.

Ignoring the stochastic parts in the mean-reverting equations (2.3) and (2.4)
yields the deterministic differential equations governing the time evolution of the
mean of each process:

(2.4)

dE(St)
dt

25) i (e ) = (5 ) ()

We shall establish that the orbits associated with the E(L;) equations are at-
tracting invariant spaces for the flows of these deterministic stochastic differential
equations. This justifies the use of the terms long-run mean and mean-reverting.
For more on the notions of dynamical systems introduced in the next Proposition
and its proof we refer to [R, 1995] Chapter 5.

(2.5)

=a(L - E(5))

Proposition 1. For the process Si, given by (2.8), L is the stable equilibrium of
the hyperbolic differential equation governing (2.5) if o > 0. For the process St,
given by (2.4), the orbit of B(L;) is the unstable or stable manifold of the hyperbolic
differential equation (2.6). This is the unstable manifold when o > 0, and p > 0,
which is the case for the financial applications we are considering.

Proof. Let Sy be the value of Sy at t = tg. E(S;) = L is the equilibrium of (2.5).
Since the eigenvalue —a < 0, stability follows. Therefore as t — oo, the solution
curves of E(S;) decay exponentially to L. Denote the two-by-two matrix of (2.6) by
A, and the value of L; at t = ty by Lg. This system is hyperbolic since the real part
of the eigenvalues —a and p of A are nonzero. Furthermore, the equilibrium at the
origin is a saddle since —o < 0, and p > 0. The stable and unstable manifolds of
this hyperbolic equilibrium are the corresponding eigenspaces and, since the system
is linear, they are global [R, 1995] Theorem 6.1, p. 111. They are respectively the
lines, {(1,0) e~ (=) + € R} and {551 Lo e (t=to) ¢ € R} in the phase space
(E(St), E(L:)). The solution to the above linear system is given by (see [R, 1995]
Proposition 3.1, p. 97)

E(Sy) \ _ o(t—t0)A So \ _ Spe—a(t=to) ¢ aLwLo(eH(t—to) — g—alt=t0))
E(L;) Lo Loeu(t—to)

which can be decomposed in term of the direct sum of the stable and unstable
manifolds as

S % p)eat—to) (L) 4 entto) (T )
a+p 0 1

Dynamically speaking, in the phase space, any trajectory t — (E(S;),E(Ly)), off

the stable or unstable manifolds, tends in forward time as t — oo, to Loe#(t—t0) (#_%‘, 1)

which is the unstable manifold. O
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Note that we used the notation E(S;) to denote the conditional expectation
E(S;|St,)|:- We next gather and present results on the first moments of the above
processes:

Proposition 2. a) Consider the process, dSy = (uSy + b)dt + oSy dZ; over the
time interval [t;, tx], where u, b and o are constants and let Sy, = S;. We make the
generic non-degeneracy assumptions:

(H1) o2+ u#0,2u+0%#0 and u # 0.
Then the first and second moments of S; are given by:

b b
E(S¢|S; = ——4(S8;4+—- eu(tk*ti)v
(St]S) e p ( M)
b )

E(S?Si)|t, = c e(2uto?)(t—ti) _ m eh(b—t) 4 L’

0%+ p pw(2p+ o?)

where
o 5.2 7 2b(SZ + %) 252

+ .
or+pu o p(2u+o?)
b) Consider the process given by (2.4) over the time interval [t;, tx], and let Sy, = S;,
L;, = L;. We make the generic non-degeneracy assumptions:

(H2) pra—o02#0#2u+E -0 +2a)#0# (u+&+a)#0
Then the first and second moments are given by:

—a(ty—t; « c—t; —oa(ty—t;
E(Si|Si)lt, = Sie t")+a+ﬂLi(6“(t’“ t) _ gmalte—t)),
E(Lt‘Liﬂtk — Lie/"(tk—ti),
2
E((St, SISt = Ster(te —t:) + gSiLi(wl(tk —t;) — oty — t;))
—p1(te —ti) | palte —ti) | w3ty —ti)
9n212( Ptk
P L=t ge T er

E((Se LIS Ll = @altx —t)SiLi+
E((Le, L)l Li)le. = Liws(ts —ti),

where @y (t) = e 200 |y (1) = elmtmt) gy (f) = CuteNtt) g =
—p—a+02,0=pu++a, andT =2u+ &2 — 02 + 20.

L7 (@3(tk —ti) — ot — ;)

Remark 2.1. By generic is meant that in the parameter space R{c,u} or
R{o, 1, a}, the set of values satisfying (H1) or (H2) is open and dense. See [HS,
1974] p 154. From a mathematical modeling point of view, it suffices to only study
generic models since any model can be made generic via a small perturbation.

Proof. The differential equations governing time evolution of E(S;) and E(S?) are
give in [KP, 1999] p. 113, see also, [G, 1997] p. 113. For the case at hand, they
become,

SE(S)) = pE(S) + b
DB = (nto?) BS?) + 2E(S,).

Then a simple integration yields the result. The system of ordinary differential
equations governing the time evolution of the first and second moments of S; and
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L, are quoted in general in [KP, 1999] p. 152. For the first moments E(S;) and
E(L;), these equations are (2.6), and they were solved in the proof of Proposition
1. The equations for the second moments become:

o [ E(5.5) (02 —2a) 20 0 E(S;, St)
% E(St, Lt> = 0 (M — Oé) « E(St, Lt)
E(Lt,Lt) 0 0 (52 + 2/1/) E(Lt,Lt>

Denoting the above three-by-three matrix by B, the solution to this system is
given by

E(S:, St) S?
E(St, Lt) = €(tk_ti)B SZLl
E(L¢, Ly) L?
The computation of e(t*=*)B s routine in an eigenbasis, see [HS, 1974] chapter 7,

or can be carried out in one operation in the symbolic language Maple. O

3. AN ABSTRACT APPROACH TO DISCRETE PROCESSES

Traditionally in mathematical finance literature various discrete modeling of sto-
chastic processes under the guise of binomial or trinomial trees (and beyond) have
been introduced. A single abstract unifying framework can be developed for all
these trees. Consider a single or multi-factor stochastic process S; modeled dis-
cretely over some time interval. At each time step i, the possible states of the
world are given by finitely many vectors S = (Sj(i)), where j is in a finite index
set J(®). Note that we are not restricting ourselves to one-dimensional models by
this notation. The state vector S can incorporate the values of the underlying
asset as well as secondary factors in the multi-factor case. As time flows from the
time step i to ¢ + 1, the discrete node SJ(-Z) can go to any S](,fﬂ), j/ e JU+D What

determines the discrete process is a transition probability matrix P(*) = (Pj(ij),),

so that the element PJ{?, represents the probability of Sj(-i) going to SEEH). The

number of rows in P is the cardinal of J®, and the number of columns is the
; i+1). ; i (& _
cardinal of JO+1); and for all j € J@, Z PY =
j/eJ(H—l)

Example 3.1. A one-factor non-recombining binomial discrete stochastic pro-
cess is S() = (Sj@) with j € J® = {1, e ,Qi}. The transition probabilities are
given for every i by a vector (p;v)7 j € JW, such that Pj(?, is defined to be p?
if j/ =25, 1— pé» if i/ = 25 — 1, or 0 otherwise, as depicted in Figure 1. The
dashed lines in that figure represent prohibited connections which are ruled out by

setting their corresponding probabilities equal to zero. In a multiplicative process
()
) T J

and Sé;tll) =9 J(-Z)dy). We note that this tree is not numerically efficient since the

number of nodes grows exponentially with time.

one defines the up and down jump sizes u§i) and dy) such that, Sé?‘l) = S](i)u

Example 3.2. A one-factor recombining binomial discrete stochastic process is
S0 = (SJ(Z)) with j € J® = {1,... i+ 1}. The transition probabilities, are given
for every i by a vector (pé),j e J@ such that Pj(’?, is defined to be pé if i/ =441,
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Assetprice

:
time (=iaf)

FIGURE 1. A non-recombining binomial tree, showing the label-
ing of the asset prices at the nodes, and of selected elements of
the transition probability matrix P("). Dashed lines indicate zero
values for the associated probabilities. The non-zero transition
probabilities are indicated by solid lines joining the nodes.

1—- pé- if j/ = j, or 0 otherwise, see Figure 2. In a multiplicative process one defines

thg up and down jump sizes ugl) and dg-i) SO that, Sj(fll) = S](.i)ugi) and S](,iﬂ) =

S](l)dg-l). By definition of recombination uy)dy_:_ll) = d;z)u§.1+1). A standard choice
(@) (4

is to set the up and down jumps constant across the tree: g =u and dj =d,

and to have a single probability p such that pg?, =pd;;s—1+ (1 —p)djjr, where d;;/
is equal to 1 if j = j' and 0 otherwise. Then S’](-i) = Sou/d 7, with Sy = S{O). A
corresponding additive process might be defined via Sj(i) =Sy +ju+ (i—j)d.
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Asset price

]
time {=iAt)

FIGURE 2. A recombining binomial tree, illustrating the labeling
of the asset-prices at the nodes, as well as the links associated with
non-zero probabilities.

Example 3.3. A one-factor recombining trinomial discrete stochastic pro-
cess is S = (Sj(.i)) with the index set J® = {1,...,2i+1} and the transi-
tion probabilities, given for every ¢ by two vectors (p;i)7 (qj-), j € JW such that
P\ isde finedtobep’; if j' = j+2, ¢\ if j' = j+1, 1—pi —q} if j/ = j, or 0 otherwise.
See Figure 3.

Example 3.4. In some cases, two-factor stochastic processes can be modeled
as a direct product of two trees, see Theorem 2 below. Consider two recombining
binomial trees () = (Sj(-i))7 jeJ@ and L) = (L,(f)), ke K™ as in Example 3.2,
possessing the same number of nodes along their time axes, that is J*) = K@ for
all 7. Denote the transition probabilities of S*) by p§ with up and down jumps u;,
dé and let those of L() be q,i, wi and h§C respectively. The direct product S x L)
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Asset price

]
time {=iAt)

FIGURE 3. A recombining trinomial tree, illustrating the labeling
of the asset-prices at the nodes, as well as the links associated with
non-zero probabilities.

is naturally defined to be a tree T() with a typical node Tj(fg = (Sj(-i), L,(f)) at time
i. In the next time step, Tj(2 branches into four nodes 71 7O+l pl4l) 4nq

: GHLk+1 Lhk410 L4k
Tj(l,:' 1)7 defined along with their probabilities by

Nodes Probabilities
Ty = (5], L) w)) i
Tyrn = (80 n0e) (- phg
T = (8 ul, L hg Pi(1—q})

Tj(f,;“) = (SYa, LK) (1 —pi)(1—qh).
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4. NUMERICAL IMPLEMENTATIONS

In this section we derive formulae for numerical implementations of various under-
lying processes discussed in Section 2 in terms of the multiplicative recombining
binomial trees of Section 3. We first discuss the general, equation (2.1) and deduce
the cases of log-normal and one factor mean-reverting processes as an application.
We next show that up to the first order approximation, the two-factor model (2.4)
can be discretized as a direct product of the two one-factor trees above.

Consider the discrete binomial process S(9 wherein the value of the process at

the time step ¢, given by S](-i), can undergo an up jump to Sj(zii) = S(l uj with

the probability p}, or a down jump to Sj(-fH) = Sj(l)d;'-. Note that this situation
is general enough to encompass both Example 1 and 2 of Section 3, and to also
include the possibilities of multiple jumps. To approximate a continuous process,
we match the first and the second moments of the discontinuous process on the tree
with those of the continuous process over time intervals of length At.

Proposition 3. Consider the continuous process dS; = u(S, t)dt + o (S, t)dZ; as
in (2.1), and the recombining binomial tree (Sj(i)) = SO described above. Assume
that at t = t;, S, = Sj<i), Over the time interval [t;,t; + At], we denote the
conditional expectations of the continuous process by E(S¢|St,)|t;+at, and that of
the discrete process by Ed(S(i)|S](<i))\ti+At.

Matching the first and second moments of these two processes results in the
binomial tree specified by:

A(Sy,, At) — di

i i __ _cosh™1(# i 7
(4.1) p; = v , uj=e ©) dj = 1/uj
where,
_ (1)
A(StwAt) - E(Stlstb) i j o’
B(Si, At) = E(S2ISi)lnrar/(S5))?,
1 )
0(S,, At) = 1+ 505y, A1) B(S., At)

2A(S,., At)

Remark 2.2. This general result applies to all binomial approximation schemes.
Some classical particular cases are discussed in [K,1998] Chapter 5.1.

Proof. Using the definition of Eg4(.|.), the matching equations become

Ea(SVIS N evar = =585 + (1= p))SE = E(S.IS:)lerar
Ea((SOPIS urar + = iS00 + (1 =g (S5TY) = E(S7IS0)lecrar
Since S(,L = S(z u and S (+1) _ SJ(-Z-)c@7 the above equations reduce to

(4.2) p;u; +(1- p;)d; = A(Sy, At)
p;u;Q +(1- pé-)d;? = B(S,At)
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where A(Sy,, At) := E(S¢|St,)

Solving for pé. results in pé =

ti+At/S;' and B(Stl,At) = ]E(St2|5t1)

A(Se,,At)—d}
u;fd;

dom in these equations we assume that d: =1 /u} then substituting pj into the

second equation and solving gives uj» +d§» = %ﬁ, which yields the result. [

ti+at/ S5

To remove an extra degree of free-

Remark 2.3. One should note! that 0 < p§ < 1. Moreover, although the
above values for u; and d; match (4.2) precisely, in general they will not result in
a recombining tree. In practice, for every particular choice of u(S,t) and o (S, t)
in Equation (2.1) appropriate approximations must be chosen to ensure numerical
feasibility as in the following theorem.

Theorem 1. a) Consider the linear stochastic differential equation
dS; = (uSy + b)dt + 0.5:dZ;

with constant coefficients over the time interval [to,T). Let S = (SJ@) be a
recombining binomial tree as described in Example 3.2, with time step At. Suppose
there exists a lower bound Smin # 0 such that Sj(-i) > Shin for all i, j. Matching
the first and second moments of S = (Sj(i)) with those of Sy, up to order At and
for S; above Spin, results in
(@) 2
pé = % + u—l—b/S;-U id /2@ , u; = o7VAL d} = 1/u}.

b) Without assuming a lower bound Swin, the log-normal process dS; = uSy dt+ocS
dZ; can be discretized by a recombining binomial tree with

i 1 M—02/2 i oVAt i i
pj:§+TVAt , uj=e , df = 1/uj.

1To see why this is so, note first that the definitions of A(St,, At) and B(St,, At) as normalized
expectations of S(t) and (S(t))? respectively imply (dropping extraneous notation) that

B> A2,
One immediate consequence of this is that
1+B _ 1+ A? A—1)2
0= + > * =1+ ( ) > 1.
2A 2A 2A

A second consequence is that
240 =1+ B> 1+ A2,

so that

1+ A% —240<0.
By adding 62 — 1 to both sides we obtain

(A-0)2<6?—1.
It follows now that

0—V02—1<A<O+/02—1.
Noting that cosh™ 6 = In(6 + v62 — 1) we see that we have
d< A<u.

The required result now follows directly from the definition of p.
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¢) The mean-reverting process dSy = (L — Si) dt + 0S¢ dZy, can be discretized by
a recombining binomial tree with

p;-:§+(aT71)vAt,u;:e” and dj = 1/uj.
Remark 2.4. The above approximations are valid for a At which is indepen-
dent of the node. Consequently, the up and down jumps u; and d;- are constant
throughout the tree and do not depend on the position of the node, forcing this
tree to recombine. Furthermore, for At small enough, 0 < pj- < 1. Therefore the

above trees are numerically efficient.

t;+A¢ and ]E(St2|sti)

Proof. a) Using the expressions for E(S;|S;,) t;+A¢ from Propo-

sition 2 in Proposition 3, leads to:

A(St“At) = _—z+(1+ - ) e/tAt
S;’ psy”
i b
B(S,,,At) = %e(zu«#)m _ Qb(sj—‘*‘,;l)) At o) _
(5;7)? (02 + u)(54))2 (2 + 0?)(SD )2

In the interval (Smin, 00), A(St,, At) and B(S:,, At) can be expanded in Taylor
series in At uniformly with respect to S;. Indeed, A(St,, At) =1+ (1 + %)At +
J
() O b Ah i TAD ,
R(At, S;”) where R(At,S;7) = (1 + us§i>) r(At), with Alirgo N 0. Since
(@)
R(At, S;7)

b b Co . -
pED < i for all 4,7, Aliri}o At = 0. A similar argument holds for
B(St,, At). Therefore,

b
(4.3) A(Sy, At) = 1+ (n+ —5)At+ O(At?)
Sj
2b
B(S;,,At) = 1+ (W + 2u + 0%) At + O(At?)

J

and hence using (4.1) one has 6(S;,, At) =1+ %zAt—l—O(AtQ). On the other hand,
cosh(oVAt) =1+ "—;At + O(At)?, therefore

0(S;,, At) = cosh(ov/ At) modO(At?).
Substituting this value for 6 in (4.1) yields:

1 u+b/sY — o2

. . 2
uf = e Atmod(At)? and pj = 5t 5 VAt + O(At3/2)
o

The notation ug = e"‘/A_tmod(At)2 signifies that u; and e”VA%agree up to and
including terms of degree (At). Cases b) and c) are particular cases of a). If b = 0,
the uniform expansion of A and B will be valid on (0, 00). Part b) is a special case
of a) with b = 0, and part c) is a special case of a) with p = —a and b=aL. O

We now turn to the two-factor model and give
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Theorem 2. Consider the system of linear stochastic differential equations (2.4)
over the time interval [to, T,

dSt = Ot(Lt — St) dt + O'St dZt
st = ,LLLt dt + th th,

a) Over any interval [t;,t; + At] C [to,T], the processes Sy and Ly will remain
uncorrelated up to the order O(At, Sy, Ly,).

b) Let SO = (SJ@) and L = (L,(CZ)) be recombining binomial trees as described
i Example 3.2, with time step At. Suppose there exist lower and upper bounds
Smin # 0, respectively Ly, < oo such that Sj(l) > Shin and L,(;) < Lmax for all
i, 7, k. Then, away from Smin and Lya.x, matching the first and second moments
of SO respectively L' with those of Sy, respectively Ly, and up to order At results
in

) ) 1 2 ) ) )
Lo q,g=§+“2§ VAL, wh=etVA | pi = 1/wl.
(@)  (d)
. 1 L,’/S:7 -1 . _ _
s@ p§=—+(a”—]—z)vAt,u;=ea At d; = 1/uj.

20 4
The above system can be discretized as a direct product of the two trees S x L(®)

described in Example 3.4.

Proof. a) Assume that at ¢ = t; the value of S; is Sj(-i) and that the value of L; is

L,(f). A first order approximation of the results obtained in Proposition 2 part b)
yields

E(St|5](l)) i SJ(Z) + a(LS) - S]('i))At + O(At2v Sti ) Lti)

E(L Lo iae = LY +uLP At + 0(AL2, L))

and

E((S,, st)|s( N, = (S92 + (0 — 20)(S)2 + 208 L) At + O(AE, Sy, Ly,)
E((S, Lo)|(S$”, L >> = VLY + (=)L) + a(L)) At + O, S, Ly,)
E((Le, L)L) = (L) + (€2 + 2p) At + O(AR, Ly,).

Therefore, up to O(At, St,, L, ),

Cov(Se, Le)le, = E((St, LSS, L)), — E(Se1SS) 1,420 E(Le| LY e, 1a0 = 0

and hence at (S](i),L,(Ci)) and up to O(At, Sy, Li;) the processes S; and L; will
remain uncorrelated over [¢;,t; + At].

b) By part a) at each (S’ (Z ) the two processes S; and L; remain uncorrelated
over [t;,t; + At]. Therefore at Such a point and over [t;,¢; + At], S; and L; can
be approximated by independent binomial trees, and hence (2.4) can in turn be
approximated by the direct product of these two trees over the same time interval.
Since L is a log-normal process, part b) of Theorem 1 yields the tree L% Note that,
at (S](»i),L,(j)), S; follows a one-factor mean-reverting process (2.3) with L = L,(j).



A DISCRETE VALUATION OF SWING OPTION 13

Therefore from Theorem 1 we have

(1) (4)
L L
A(S,, At) = EC‘) +(1- 2k oAt

S s

J J
@ (qi (1) 02

B, Al = & oeramac 2T B L) an 2007

(SJ(‘))Q (o2 —O&)(Sj())2 (02—260(8.1(1))

(@)
Note that since Syin and Ly,.. exist % is bounded. Therefore A and B can be
uniformly expanded in Taylor series, as in Theorem 1. Hence the tree of S follows
from part ¢) of Theorem 1. O

5. A GENERAL SWING CONTRACT

We begin by introducing the parameters necessary for modeling a fairly general
swing option contract which accomodates a wide range of applications.

The economy considered has two assets, a risk free interest rate, and a risky asset
S exchanged in units, and two players, a buyer and a seller. Consider three time
values Ty < T7 < T3 where Ty is the time when the swing option is priced, and the
interval [Ty, T5] is the swing contract period during which the buyer is assumed to
be purchasing from the seller a determined amount of .S, called the base load. Base
loads can be easily priced, we will therefore only focus on modeling and pricing the
swing. Beyond the base load, the swing option contract provides the possibility
of exchanging the asset S in fixed quantities and at determined strike prices. By
definition, an up swing consists in the buyer acquiring V,, units of S immediately
upon request at a strike price of K, per unit, and a down swing consists in the buyer
delivering V units of S to the seller at a strike price of K4 per unit, immediately
after notification of the latter. The cost of a swing is to be settled immediately.
The swing option entitles the buyer to exercise, during the time interval [T7, 5], up
to IV, up swings and Ny down swings. An exercise can only occur at a discrete set
of times {71,..., 7.} C [T1, T3], and consists of at most one up or down swing at each
time. A penalty is to be imposed if the net amount of S acquired by the buyer via
swing exercises is not bounded by Vi, and Viaxat expiry. More precisely let n,
and ng denote respectively the actual number of up and down swing exercises that
occurred during [T}, T3], then to avoid a penalty one must have

(5]‘) Vmin S anu - ndVd S Vmax~

If not, there are cash penalties of A; (respectively As) per unit of the net amount
of units acquired, n, V,, —nqVy, short of Vinin, (respectively in excess of Vinax). Then
the resulting penalties are Ay (Vinin — 1y Vi + 14 Va) (vespectively, Aa(n, Vi, —ngVy—
Vmax))'

6. DISCRETE FOREST METHODOLOGY

We now turn to modeling the swing option contract described in the above
section via a forest. It is assumed that the underlying asset S, follows a one- or
multi-factor risk-neutralized stochastic process, expressed in terms of a single or
a system of stochastic differential equations. We use the notation of the previous
section and recall that a swing exercise can only occur at discrete times {7y, ..., 7.} C
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[T1,T»]. We may without loss of generality assume 7y = T} and 7. = T5. To simplify
the presentation, we assume that the rights to exercise occur at equally spaced time
intervals, or ticks, of length At.. We also assume that there are integers N; and
Ny such that T = N1At, and Ty = Ny At,.. To obtain an accurate valuation of the
stochastic process for the underlying asset S we model it on a discrete tree with
a finer time-scale obtained, by dividing each tick into n computational timesteps
At = At,/n. Therefore S follows a process discretized by a tree S, P() with nN,
time grid nodes, that is i € I = {0,...,nN>}, whereas option exercise is permitted
at nodes whose indices belong to the set I, = {Nin, (N1 +1)n,..., Nan}. The local
value of the swing option, denoted by Vrfwn ,(j), depends on the generalized index
set (4,4, ny,nq), where n, and ng denote the number of remaining up and down
swings respectively, i € I and j € J®). The forest terminology finds its origin in this
setting: for each (ny,nq), the tree inhabited by the values Vi, n, = {V;! . (j),j €
JO i e I} may be viewed as a tree isomorphic to the tree {S(i),i € I}; thus we
have not one tree but (N, + 1) x (N4 + 1) trees.
Define the discounted expected value

(6.1) Wi oG =R > POV (),
j/EJ(iJrl)

where R; = exp(—rAt) is the present value of 1 unit at a time At in the future.
When not at an exercise node (i ¢ I..), each tree V,,, », in the forest is back-folded
independently of the others, and Vi, (j) =W/} . (j).

At a point on the tree when exercise is permitted (i € I,), one can still use (6.1)
to calculate a discounted expected value on each tree, but the exercise of a swing
(up or down) will cause a shift from the tree V,,, , to one of the trees V,,, 1., or
Viw,na—1. Exercising the swing will result in an immediate cash flow corresponding
to the relevant payoff formula. However, the option now has one fewer exercise
rights, and a jump to a neighboring tree has taken place. Then the option value

Vi ..(j) is given as the maximum of three possibilities:

Wi () (no swing)

Wy _10,(0) + (S5 — Kyu)  (swing up)
W (j) + (Ka— Si)  (swing down).

Moy, Ng—1

This forest methodology is depicted in Figure 4 for a swing option with just
one up- and one down-swing exercise right using 4 computational timesteps. Each
tree carries the values of an option with a particular combination of up- and down-
swing rights used up, over the course of 4 time steps. The calculation proceeds
by stepping backwards in time down through the trees. At the top time level, the
option values are determined solely by the penalties imposed. Then, at each state
of the world, a decision is made as to whether it is optimal to exercise an up- or
down-swing right. The choices made at the final time are shown in (a), where the
links indicate the transfer of information from tree-to-tree as a result of an exercise
of a swing right. The resulting values are then transfered to the next time level by
a discounted expectation, and a set of decisions made as to whether or not to swing
once more. Those decisions are shown in (b), and also in (c¢) at the next time level.
The final two time levels are not shown because in this calculation, at no point was
it found to be optimal to exercise the swing rights. The total history of all swing
choices in all states of the world is shown in (d). The final option value is to be
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FIGURE 4. A 2 x 2 forest for pricing a swing option with one up-
and one down-swing exercise right using 4 computational
timesteps.

found at the bottom node of the front tree. One feature to note is that the trees
have all been truncated. This is because of the imposition of an Sy, as described
in Theorem 1.

7. SENSITIVITY ANALYSIS

Pricing a swing contract involves a considerable number of input parameters and
as such a detailed sensitivity analysis of such a contract would be the subject of
a publication on its own. To exhibit a fair amount of information while keeping
the presentation of different scenarios tractable, we consider two swing contracts
with their parameters defined below. These parameters are fixed, unless otherwise
stated. We follow the notation of Section 6.

For the one-factor mean-reverting model dS; = a(L — S;)dt + 0.S:dW; we label
the following setting by (A) and implement it according to the binomial tree given
in Theorem 1, (c).
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n a=0.2, L=30 a=1.2 L=30
Smin =9 | Smin = 15 | Smin = 25 || Smin =5 | Smin = 15 | Smin = 25
80 196.2270 | 196.2270 | 197.2613 183.7410 | 183.7411 | 184.7600
160 || 196.2245 | 196.2246 | 197.2006 183.7372 | 183.7373 | 184.6986
320 || 196.2208 | 196.2208 | 197.1931 183.7338 | 183.7339 | 184.6915
TABLE 1. Convergence behaviour and its dependence on o and Spin.

(A): Sg =45, Spin=25, r=0.5, =10, L =40, 0 = 1.5,
T2 — TO =30 days,

At, = 1,41 — 7, = 1 in units of day, N1 = 1, Ny = 30, n = 80,
N,=1, N;=0,V,=20,V; =20, K, =40, K; = 40,

A, =3, Ay = 3, Vinax = 150, Viuin = —150.

For the two-factor mean-reverting model dS; = a(L; — S;) dt+0S; dZy, dLy = p
Ly dt + L, & dWy, we label the following setting by (B) and implement it according
to Theorem 2.

(B):Sp =1.5, Smin=0.1, r=0.05, =02, Lp=1,06=15 u=1,
§=1,

Ty, — Ty = 30 days,

Ate = 1,41 — 7; = 1 in units of day, Ny = 1, No = 30, n = 80,
N,=3, N;=3V,=1,V;=1, K, =1, K4=1,

A, =0, A; =0, Vipax = 15, Vipin = —15.

7.1. Numerical Convergence. We compute a sequence of the values of the swing
option by doubling the number of computational time steps n. The convergence
pattern of the value of the swing as n increases is illustrated by verifying that the
error goes to zero. More specifically, the value of the swing option is calculated with
n = 10° for the one-factor scenario A, and with n = 27 for the two-factor scenario
B. These values are then subtracted from the approximate values of the swing
option obtained with n = 10 2%, i = 0,...5 for A, respectively n = 2¢,i = 1...6
for B. These yield estimates for the error, which are plotted versus n, in Figure 5,
respectively Figure 6 in a base 2 logarithmic scale. Note that in Figure 5 all of the
values agree to 3 significant figures. A fourth digit of accuracy is added with more
than 640 computational timesteps (see Section 6).

We finally note that the convergence pattern is a function of the various param-
eters of the swing contract as discussed in the next section.

7.2. Parameter Sensitivity. Table 1 is generated for scenario (A) wherein the
values of «, Spin and n are varied as prescribed, and L = 30.

First note that the above setting (A) with long-run mean L = 30 only involves
one up-swing with an strike price, K, = 40, which is above L and below the initial
asset price. As a result, the swing option behaves as an in the money Bermudan
call option. Next observe that the closer Sy is to L, the higher is the value of the
option. This is to be expected for, setting Sy closer to L increases the probability
of the asset prices being closer to the strike price, resulting in a higher value for
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FIGURE 5. Option values for the one-factor scenario (A), calcu-
lated with increasing numbers of computational timesteps.

the option since it is a call option. This behaviour is presented in Figure 7. One
may also note that the value of the swing option is not sensitive to changes in Spin
for Shin less than 20, which is about half the long-run mean L. As the process is
mean-reverting, asset values far from its long-run mean are less probable to occur
and as such excluding them does not effect the price of the option. Finally, the
stronger the strength of mean reversion is, the less valuable is the option. Indeed, as
the strength of mean reversion increases, the process is pulled to its mean, which is
below the strike price in this scenario, making the call option less valuable. Figure
8 captures this behaviour.

7.3. Hedging Parameters. Generally speaking, there are at least as many hedge
parameters for a contract as input parameters. As such the hedge parameters of
a swing contract constitute a long list. For the sake of exposition we provide two
conventional hedge parameters, A = ‘g—g ls, and A = ‘g—‘; |s,, and a less conventional
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FIGURE 6. Option values for the two-factor scenario (B), calcu-
lated with increasing numbers of computational timesteps.

g—‘£| s,- Consider the following setting for a swing contract C, written on a one-
factor mean-reverting process:

So=1.5, Spin=.01, r=0.05, a=2,L=.80=1.5,

T — Ty = 30 days,

At, = 1,41 — 7 = 1 in units of day, N1 = 2, Ny = 30, n = 30,
N,=4, N;=3,V, =1, V=1, K, = .4, K4 = .4,

A, =1, Ag =1, Viax = 3, Viuin = —2.

We compute the above Greeks for values of Sy varying in a range which covers
the cases in the money, at the money and out of the money. Table 2 introduces a
few values from the set of data which is used to generate Figures 9, 10 and 11.
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FIGURE 7. The effect of varying Spi, on the option price for the
one-factor scenario A.

Hedge parameter | In the money | At the money | Out of the Money
So=.2 Sop =4 Sop=.6
A -1.95 1.35 2.94
A 0.08 0.26 0.19
s 0.11 0.29 0.41

TABLE 2. Sample values of some hedge parameters for various

values of Sj.

19

Note that contract C' is a combination of Bermudan put and call options. For
asset values S below the strike price K, = K4 = 0.4, the swing contract is out of
the money and behaves as a put option. On the contrary, asset values above the
strike price result in the contract being similar to a call option. This observation
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FIGURE 8. The effect of varying strengths of mean-reversion on
the option value. As one might expect, higher values for o mean
lower option values.

explains the concavity and curvature in the A and A curves above. As for the ‘3—‘2
curve the change occurs at S = Ly, which is predictable.

7.4. Swings versus American Options. We compare a swing contract with a
basket of American options. Having a swing contract in hand, the buyer of the
contract will have the opportunity of exercising his swing rights at particular dates
at his leisure. Another way of replicating such a right is to purchase the same
number of rights via American options having the same expiry date as that of the
swing contract. Of course a buyer with a basket of American options in hand is
able to exercise his rights anytime. He will also be able to exercise all or some of
those rights at a single moment of time. However such extra freedom comes with
an associated cost. Figure 12 captures this cost. Each point on the curve represents
the value of a swing option with NV, upswing rights in a month, N, = 1,2, ..., 30,
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FIGURE 9. A as a function of the initial asset price Sy.

whereas each point on the line indicates the value of N, individual American call
options expiring within the same period. As seen from the figure, due to the
flattening out of the graph, the buyer of the swing option does not have to pay
much for the extra rights purchased. He is losing some flexibility but at the same
time he is saving money. The buyer of the American basket has more flexibility at
a much higher cost. Therefore the choice between a swing contract and a basket of
American options depends on the flexibility required and the price attached to it.

8. PROOF OF CONVERGENCE

In this section we demonstrate the convergence of the value of the swing option
calculated on a forest of recombining binomial trees to the solution of a partial
differential equation model of the swing option. The error is shown to decrease
linearly with the number of computational time steps.



22 ALI LARI-LAVASSANI, MOHAMADREZA SIMCHI, AND ANTONY WARE

one factor maan revarsion
035 T T T T T T

03 -

085 B

02 B

005 * E

FIGURE 10. A as a function of the initial asset price Sy.

We limit the exposition to the proof of convergence for the one-factor mean-
reverting binomial model described in Theorem 1, and note that the result could
be readily adapted to cover other one-factor trees. The proof for the two-factor
case would be similar in structure but rather more involved.

8.1. The Swing Option as a Coupled System of European Options. Con-
sider the option described in Section 5, and write v = (n,,nq). Let V,(S,t) be
the value at time ¢ € [0,73] of an option with n, up-swing rights and ngy down-
swing rights remaining, given an asset price of S at time ¢. Noting that the holder
of such an option may choose to exercise at the exercise times t € {7y,...,7c},
we see that V,(S,¢) may have a jump discontinuity at those times. We write
V,(S,7) = lim, _+ V,(S,t).

As described in Section 6, the exercise of a swing right brings with it an associ-
ated cash flow, but also means that the option value is exchanged for the value of
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an option with one fewer right. At each exercise time, for each value of the under-
lying asset .S, it is assumed that the optimal choice is made among the available
possibilities. Thus, for v € (1,...,N,) x (1,...,Nyg), and for i = 1,...,e — 1, the
(payoff) functions can be defined by

VZ(S’ Ti+)
(8.1) P,(S,7;) =max< V,u(S, T;'_) + Pay,, (S)
Vya(S,7;7) + Payy(S),

where 1% = (n, — 1,n4), v% = (ny,nq — 1), and
Payu(s) = VU(S - Ku)v PaYd(S) = ‘/d(Kd - S)a

with obvious changes to the definition for the cases n, = 0 or ngy = 0. The payoff
function at the final exercise time is determined by the penalties being applied.
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FIGURE 12. The difference between a swing option with only up-
swing rights and an American option with an equivalent total vol-
ume. The option values are plotted as a function of the number of
up-swing rights (each with unit volume) for the swing option, and
as a function of the total volume for the American option.

The function Pen, (5) is defined by

(82) PQHK(S) = Al (anu - 77/(i‘/d - ‘/min)—i- - AQ(anu - ndVd - V;nax)-&--
The final exercise payoff function is then
—Pen, (S5)
(8.3) P,(S,7.) = max{ —Pen,u(S) + Pay,(5)
—Pen,a(S) 4 Pay,(S),
again forn, = 1,..., N, and ng = 1..., Ny, and with obvious changes for the cases

ng, =0o0rng =0.
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For ¢ in the interval (7;,7i+1), the option value Vj;(S,t) is the value of a Euro-
pean contract at time ¢ with expiry at time 7,41 and payoff function P, (S, 741).
The value of this swing option in any given time interval thus depends (via the
payoff function) on the values of related swing options in subsequent time intervals.
In particular, the value of the original swing contract is V,0(Sp,0). This is the
value at time 0 and asset price Sy of a European option with expiry time 7 and
payoff P,o(S,71), and thus depends on the values of all of the swing options in the
subsequent time intervals.

Obtaining a value for V,0(Sp,0) thus involves, for i running backwards from e—1
to 1, first calculating each P, (S, 7;+1) via (8.1) or (8.3), and then evaluating the
European options described above in the interval (7;,7;41). These values are then
used to calculate the next set of payoff functions. Finally, the European option
with expiry time 71 and payoff P,o(S, 1) is used to provide the required value at
S =5pand t =0.

8.2. A Partial Differential Equation Model. The question remains of how
the European options described above are to be valued. Here we describe a partial
differential equation model based on a generalization of the Black-Scholes equation,

2
Vi + %S2VSS +rSVsg =r1V.

This models, for example, the price V of a stock with volatility ¢ and risk-free
interest rate r contingent on a stock price S which follows the stochastic process
(2.2). The complete-market assumptions which underlies this model may not apply
in the context we are interested in. Relaxing these assumptions somewhat, we have
the equation

2
Vi + %SQVSS + (M — /\US)VS =rV,

where S is now assumed to follow the stochastic process (2.3), and \ is the market
price of risk function (See [H, 1999], [W, 1998]). We assume for ease of exposition
that A = 0. The results obtained in this section would hold equally well for other
forms of A satisfying quite mild continuity assumptions.

We make two concessions to our numerical schemes in the model we describe.
The first is that we impose a lower bound Syin > 0 on the asset price S. The
second is due to the fact that the payoff functions described above are continuous,
but are only piecewise differentiable. This lack of smoothness introduces theoretical
problems for the convergence of numerical schemes such as those described here.
We define a ‘mollified” maximum function, max., by means of a formula such as

a+b+y/et@a—b?)
2 bl

max,(a,b) =
with
max,(a, b, c) = max,(a, max.(b, c)).
Note that when ¢ = 0 this definition agrees with the standard definition of the
maximum. However, defining the payoff functions using max, instead of max means
that the payoff functions P,(S,7;) in (8.1) are just as smooth as the functions

V,(S,7;7) used to define them. As long as € is chosen sensibly, it is easy to verify
that the effect on the option price is negligible.
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We are now ready to describe our partial differential equation model for the value
of a swing option.

Let Smin > 0, 0 > 0 and r > 0 be constants. We seek a set of functions V,, (S, t)
satisfying

%VZ(S, t) + @;—;VZ(S, t)+ (AS + B)%VZ(S, t) =rSV,(S,t),
for S > Smin, t€[0,T\{r:}5_,, with
(8.4) V,(S,T) = max.(—Pen,(S), —Pen,«(S) + Pay,, (5),
— Pen,a(S) + Pay4(9)),
(8.5) V, (S, 7i) = max.(V, (S, 7,7), Vou (S, 7;7) + Pay, (S5),

V,a(S,77) + Payy(S)), i=1,...,e—1

0
as
The comparison with the binomial scheme will in fact be more straightforward if
we describe the equivalent log-transformed problem for w, (z,t) = e 7T~V (S, t):

(8.6) V,(Smin,t) =0, t€[0,T].

67 D+ G wne ) + ot b D) =0

. 5 Lu(@ 5 B2 Ve a+be™®) o wy(z,1) =0,

for x > In Spmin, ¢ € [0,T]\{r:}%_, with

(8.8) wy (z,T) = max.(—Pen, (e¥), —Pen,u (e*) 4+ Pay,, (%),
~ Penya(e?) + Pay,(e"))

(8.9) wy (2, 7;) = max(wy (x, 7;,"), wyu (z,7,7) + Pay,, (e”),
wya(z,7;7) 4+ Payy(e”)), i=1,...,e—1

0
(8.10) %wz(ln Smin,t) =0, t€][0,T],

where a = A — 0%/2 and b = B.

8.3. The One-factor Binomial Scheme. The binomial approximation to the
above partial differential equation model consists in finding vectors W;(]) satisfy-
ingv for ] > jmin7

Wo () =p, Wi G+ 1) + (L—p))Wit (i —1), i <T/At = Nan,

W,V (j) = —Pen, ("),
Wo(j) = Wp*(j), i+1¢1L
Wi(5) = max. (Wi (), Wil (7) + Pay, (e7), Wi (j) + Payy(e™)), i+ 1€ L.

Here x; = In(Spe’2?), with Az = ov/At, and juin is the value of j for which
S; = €% = Spin. The above system is completed by setting

WéJrl(jmin - 1) = WKiJrl(jmin + ]-),
thus approximating the zero-derivative boundary condition at Swin. The required
option value is obtained once W (0) is obtained. Note that not all values of W} (j)
are required in order to achieve this. For instance, Wé (j) with i+ j odd never needs
to be calculated. Moreover, only values with |j| < i can ever affect W5 (0).
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8.4. Convergence of the Value of the Swing Option. Here we write w’ (j) =
w,(S;,t), with t; = iAt, and denote the difference between the result of the
binomial calculation and the true solution of the partial differential equation model
by €. (j) = Wi(j) — w}(j). Then we have the following global convergence result
for the binomial forest method.

Theorem 3 (Convergence). Suppose that for each x € [xmm, oo), wy(z,t) is con-
tinuous on (1;,7;41] fori =1,...,e and on [0,71], and that 2 52 wl,(m,t) exists and
is bounded on each of these intervals. Suppose also that for each t € [0, Ts], w,(z,t)
is three times continuously differentiable, with bounded derivatives up to order four
on (Tmin, 00). Then there exists a constant C such that for each v,

max max
i J

i ~)‘ < CAL

The remainder of this section will be taken up with the proof of Theorem 3.
Substituting the vectors e, (j) into the binomial scheme yields, for j > jumin,

8.11) e () =pie, G+ 1) + (1 =p)e, (G~ D)+ T,(5), i< Non
es*(j) =0,  i=Nsn

(812) e () =ey" (), i+1¢1,

(8:13) el () = max. (Wi (), Wi () + Pay,,(¢), Wi (j) + Pay(e) )

maXe( “(J )JFTZ( i), u“( )JrT (4) + Pay,, (e™),
w;j(]) +Téd(j) + Payd(ezj)> i+1el,,

where the truncation error T} (j), which will be the amount by which w},(j) fails
to satisfy the equations defining the binomial approximation, is given by

(8.14) Ty (5) = wi™(j) — wi,(5),
and
wy () = pjwit G+ 1) + (1 —pjw,t (G — 1) = Wor(h) — e ()

for 7 > jmin- To completely specify the error, we need the boundary equation

(8.15) ;(jmln) = eH_ (Jmm + 1) + T} (]mln)
where
(816) Té(]mln) = w;—i_l(jmin + 1) ;(Jmm)

We shall restrict our attention to relevant values of j: for each ¢ we only consider
j € J; with

Ji={j:j+i even, j=jmm, j|<i}

It will be shown inductively that the maximum error e’ = max, jc, ’e;(j) is

O(At). In order to do this, is it necessary to get a handle on the truncation error
terms.
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(From (8.16), using the zero-derivative boundary condition together with Taylor-
series expansions of w, (x,t), we have

T;(jmln) = H—l(.]mln + 1) i (jmin)
= (Wi (Jmin + 1) — W, (Gmin)) + (W5 (Gmin) — W (fmin))
Ax2 0?
T2 922"

for some &1 € (T, Tjmm+2) a0d &o € (t;,t;41). Given the bounded derivatives of
wy, and the fact that Az? = At/o?, one can conclude that there is a constant C;
such that

0
(51) ti-i—l) + Atawz(l‘minv f?)a

(8.17) < 1At

Té(jmin)

for i < Naon.
We next consider the generic case j > jmin,t + 1 & I, for which the truncation
error involves the probabilities

_ (a+be ™)AL 1 p;Al
Pi=ot T oAr 2t A
We have, making use of the fact that w,(z,t,) satisfies (8.7),

T, (j) = pywpt (G +1) + (1 — ppwit' (G — 1) — wy,(5)

=l G) —wh) + 5 (WG 1) — 208 G) + G - )
N ‘;JTA; (wi G+ 1) i G - 1)
= At%wz(z],tl) + %ﬁg—;wg(xjvfs) Agz 3822 v (1)
+A17;4()a44 w(€art )+ﬂjAt%wz(%v t) + g AtA® o 82 w8, )
= ) + o €t + i MAL 52 el )

for some &3 € (t;,ti41) and &, &5 € (x5, 2541). It follows from the boundedness of
the derivatives of w}, that

(8.18) max max
Y J>Jmin

T;(])‘ < CyA? i < Non.
Let
e! = max max

el (j ‘
Y j2Jmin K(j)

Then (8.18), (8.17) and (8.11) imply that for i + 1 & I,

(8.19) e' <max (e + CoA?, C1AL)) .

In order to obtain a similar result for i + 1 € I. we bound the error e;(j). By
the Lipschitz continuity of the maximum function, there is a constant C'5 such that

|maxc(a, b, ¢) — max.(a’, V', )| < C3max (la —d'|,|b—V|,|c—C|)
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for all a,b,c,a’,b',¢’ € R. Then it follows from (8.13) that, when ¢ + 1 € I, and
j > jminy

ey(7)| < Comax (|ef ()| + |0 b2 )] + [ )] e )] + |7 ()]) -
with obvious changes for the cases n, = 0 and ngy = 0, so that
(8.20) e’ < Cymax (e + CLA?, C1At)).

Comparing (8.19) and (8.20), we find that they differ only by the extra factor of
C3 when i+1 € I,. For each i, define k(7) to be the size of the set {i > k : i+1 € I..}.
Then we make the inductive claim

¢ < O3V (CLAL + Co AP (nNz — 1)) .

Since eV2" = 0, the inductive hypothesis holds for i = Non. Suppose that it holds
fori=14+1. Thenifi +1 € I,

e’ < C3max (ei'“ + OAR, ClAt)>
< C5CEU D (CL AL+ CL AR (0N, — i — 1) + CoAL)
= ) (Cy At + CoLAR (DN, — 1))

so that the inductive step is complete in this case. The proof in the case i’ +1 & I,
is exactly similar, and so the theorem is proved, with

C =0 + ).
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