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Abstract

Weshowthatseveraladvancedequityoptionmodelsincorporatingstochasticvolatilitycanbe
calibratedverynicelytoarealisticoptionsurface.Morespecifically,wefocusontheHestonStochastic
Volatilitymodel(withandwithoutjumpsinthestockpriceprocess),theBarndorff-Nielsen-Shephard
modelandLévymodelswithstochastictime.Allthesemodelsarecapableofaccuratelydescribing
themarginaldistributionofstockpricesorindicesandhenceleadtoalmostidenticalEuropeanvanilla
optionprices.Assuch,wecanhardlydiscriminatebetweenthedifferentprocessesonthebasisof
theirsmile-conformpricingcharacteristics.Wethereforearetemptedapplyingthemtoarangeof
exotics.However,duetothedifferentstructureinpath-behaviourandtheunderlyingdependency
overtimebetweenthesemodels,theresultingexoticspricescanbesignificantlydifferent.Itmotivates
afurtherstudyonhowtomodelthefinestochasticbehaviourofassetsovertime.
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Samuelson/Black-ScholesModel(1965-1973)

GEOMETRICBROWNIANMOTIONMODEL:
dSt
St

=µdt+σdWt,S0=x>0.

ThisSDEhasauniquesolution:

St=S0exp
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Figure1:SamplepathofageometricBrownianmotion(S0=100,µ=0.05,σ=0.40)

Notethatthelog-returnsarenormallydistributed:

logSt−logSt−1∼Normal
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ImperfectionsoftheBlack-ScholesModel

TheNormaldensityisnotagoodapproximationoftheempiricaldensity.

EmpiricalDensityvsNormalDensity
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Figure2:NormaldensityandGaussianKernelestimatorofthedensityofthedailylog-returnsoftheSP500index
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ImperfectionsoftheBlack-ScholesModel

Thevolatilityestimatedovertimetypicallyshownanon-deterministicbehaviour.
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Figure3:HistoricVolatilitiesonSP-500
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ImperfectionsoftheBlack-ScholesModel

BlackScholesOptionprices

CalibratingtheBlack-Scholesmodelpricestothemarketprices(intheleastsquaredsense)
leadstoabadfitoftheoptionsurface:
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Figure4:BlackScholes(σ=0.2295)calibrationonEurostoxxoptions(o’saremarketprices,+’saremodelprices)
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LévyModels(1990)

•Insteadoftakingnormally-distributedlog-returns,wenowmodelthestockprice/index
by

St=S0exp(Xt),t≥0

where{Xt,t≥0}isaLévyprocess,i.e..

–X0=0

–stationaryincrements

–independentincrements

–Xtfollowsaninfinitelydivisibledistribution.

•Lévy-Khintchineformula:

logE[exp(iuX1)]=iγu−
σ

2

2
u

2
+

∫

+∞
−∞(exp(iux)−1−iux1{|x|<1})ν(dx),

whereγ∈R,σ
2
≥0andνisameasureonR\{0}with

∫

+∞
−∞(1∧x

2
)ν(dx)<∞.
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LévyModels(1990)

Examplesofmodels

•1990:MadanandSeneta:VarianceGammaProcess

•1995:EberleinandKeller:Hyperbolicmodel

•1995:Barndorff-Nielsen:NormalInverseGaussianmodel

•2000:Carr,Madan,GemanandYor:TheCGMYmodel

•2000:Grigelionis,Teugels,Schoutens:TheMeixnermodel
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Example:TheMeixnerProcess

ThecharacteristicfunctionoftheMeixner(α,β,δ)distributionisgivenby

φMeixner(u;α,β,δ)=













cos(β/2)

cosh
αu−iβ

2













2δ

TheaboveLévyprocessarepurejumpprocess:JumpsofsizeinsomesetA⊂Roccur
accordingtoaPoissonProcesswithparametergivenbytheLévymeasureofA.Forthe
Meixnercase:

∫

Aν(dx)=
∫

Ad
exp(bx/a)

xsinh(πx/a)
dx,

Meixner(α,β,δ)Meixner(α,0,δ)
meanαδtan(β/2)0

variance
α2δ
2(cos−2

(β/2))
α2δ
2

skewnesssin(β/2)
√

2/δ0

kurtosis3+
3−2cos2(β/2)

δ3+
1
δ
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EmpiricalDensityvsMeixnerDensity

TheMeixnerdensitycanbefittedveryaccuratelytotheempiricaldensity.
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Figure5:MeixnerdensityandGaussianKernelestimatorofthedensityofthedailylog-returnsoftheSP500index
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PricingofVanillaOptions

Letαbeapositiveconstantsuchthattheαthmomentofthestockpriceexists.
CarrandMadan(1998)thenshowedthat

C(K,T)=
exp(−αlog(K))

π

∫

+∞
0exp(−ivlog(K))%(v)dv,

where

%(v)=
exp(−rT)E[exp(i(v−(α+1)i)log(ST))]

α2+α−v2+i(2α+1)v

=
exp(−rT)φ(v−(α+1)i)

α2+α−v2+i(2α+1)v
.

TheFastFourierTransformcanbeusedtoinvertthegeneralizedFouriertransformofthe
callprice.Putoptionscanbepricedusingtheput-callparity.
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MeixnerOptionPrices

CalibratingtheMeixnermodelpricestothemarketprices(intheleastsquaredsense)
leadstoabetterbutnotsatisfactoryfitoftheoptionsurface:
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Figure6:Meixner(α=0.3801,β=−1.9553,γ=0.3264)calibrationonEurostoxxoptions(o’saremarketprices,+’saremodelprices)
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Non-NormalReturnsandSV

Thereisaneedformodelswhocapturebothnon-normalreturnsandstochasticvolatility:

•HestonModels(HEST)

•HestonwithjumpsModel(HESJ)

•Barndorff-NielsenShephardModels(BNS)

•StochasticVolatilityLévyModels
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Heston-StochasticVolatilityModel

•IntheHeston-StochasticVolatilitymodelthestockpriceprocessfollowsthefollowing
SDE:

dSt
St

=rdt+σtdWt,S0≥0;

the(squared)volatilityprocessisalsoassumedtobestochasticandisfollowingthe
SDE

dσ
2
t=κ(η−σ

2
t)dt+λσtdW̃t,σ0≥0,

whereW={Wt,t≥0}andW̃={W̃t,t≥0}aretwocorrelatedstandardBrownian
motionssuchthatCov[dWtdW̃t]=ρdt.

•ThecharacteristicfunctionE[exp(iulog(St))]=φ(u,t)isinthiscasegivenby:

φ(u,t)=E[exp(iulog(St))|S0,σ
2
0]

=exp(iu(logS0+rt))

×exp(ηκλ−2
((κ−ρλui+d)t−2log((1−ge

dt
)/(1−g))))

×exp(σ
2
0λ−2

(κ−ρλiu+d)(1−e
dt

)/(1−ge
dt

)),

where

d=((ρλui−κ)
2
−λ

2
(−iu−u

2
))

1/2

g=(κ−ρλui+d)/(κ−ρλui−d)
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HESJ

AnextensionofHESTintroducesjumpsintheassetprice:

dSt
St

=(r−q−λµJ)dt+σtdWt+JtdNt,S0≥0,

dσ
2
t=κ(η−σ

2
t)dt+θσtdW̃t,σ0≥0,

where

•N={Nt,t≥0}isanindependentPoissonprocesswithintensityparameterλ>0

•thepercentagejumpsizeJtfollows

log(1+Jt)∼Normal







log(1+µJ)−
σ

2
J

2
,σ

2
J







,

•W={Wt,t≥0}andW̃={W̃t,t≥0}aretwocorrelatedstandardBrownianmotions
suchthatCov[dWtdW̃t]=ρdt,

•JtandNareindependent,aswellasofWandofW̃.
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HESJ

Thecharacteristicfunctionφ(u,t)isinthiscasegivenby:

φ(u,t)=E[exp(iulog(St))|S0,σ
2
0]

=exp(iu(logS0+(r−q)t))

×exp(ηκθ−2
((κ−ρθui−d)t−2log((1−ge−dt)/(1−g))))

×exp(σ
2
0θ−2

(κ−ρθiu−d)(1−e−dt)/(1−ge−dt)),

×exp(−λµJiut+λt((1+µJ)iuexp(σ
2
J(iu/2)(iu−1))−1)),

wheredandgareasingivenabove.

15



TheBN-SModel(generalcase)

•IntheBN-SmodelthesquaredvolatilitynowfollowsaSDEoftheform:

dσ
2
t=−λσ

2
tdt+dz̄λt,

whereλ>0andz={z̄t,t≥0}isaLévyprocesswithonlypositiveincrements(a
subordinator).

•Therisk-neutraldynamicsofthelog-priceZt=logStaregivenby

dZt=(r−q−λk(−ρ)−σ
2
t/2)dt+σtdWt+ρdzλt,

–whereW={Wt,t≥0}isaBrownianmotionindependentofz={zt,t≥0}
–k(u)=logE[exp(−uz1)]iscumulantfunctionofz1.

•Notethattheparameterρisintroducingacorrelationeffectbetweenthevolatilityand
theassetpriceprocess.
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TheBN-SModel(Gamma-OU-case)

TheGamma-OUprocess:

•Forthisprocessz={zt,t≥0}isacompound-Poissonprocess:

zt=
Nt ∑

n=1
xn,

–whereN={Nt,t≥0}isaPoissonprocesswithintensityparametera,i.e.E[Nt]=
at;

–{xn,n=1,2,...}isani.i.d.sequence;eachxnfollowsaExponentiallawwithmean
1/b.

•σ
2

={σ
2
t,t≥0}isastationaryprocesswithmarginallawthatfollowsaGamma

distributionwithmeanaandvariancea/b:startingtheprocesswithaninitialvalue
sampledfromthisGammadistribution,ateachfuturetimepointt,σ

2
tisalsofollowing

thatGammadistribution.

•k(u)=logE[exp(−uz1)]=−au(b+u)−1
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TheBN-SModel(Gamma-OU-case)

Thecharacteristicfunctionofthelog-priceprocessisgivenby

φ(u,t)

=E[exp(iulogSt)|S0,σ0]

=exp
(

iu(log(S0)+(r−q−aλρ(b−ρ)−1
)t)

)

×exp
(

−λ−1
(u

2
+iu)(1−exp(−λt))σ

2
0/2

)

×exp







a(b−f2)−1







blog









b−f1

b−iuρ







+f2λt















.

where

f1=f1(u)=iuρ−λ−1
(u

2
+iu)(1−exp(−λt))/2,

f2=f2(u)=iuρ−λ−1
(u

2
+iu)/2.

18



StochasticVolatilityLévyModels(CGMY2001)

Tobuildinstochasticvolatility,wecanalsomaketimestochastic.

•Weincreaseordecreasethelevelofuncertaintybyspeedinguporslowingdownthe
rateatwhichtimepasses.

•Tobuildclusteringandtokeeptimegoingforwardweemployamean-revertingpositive
processytasameasureofthelocalrateoftimechange.

•TheeconomictimeelapsedintunitsofcalendertimeisthengivenbyY(t)where

Y(t)=
∫

t
0ysds

Therearedifferentcandidatesforthetimechange:

•theCIRprocessthatsolvestheSDE:

dyt=κ(η−yt)dt+λy
1/2
tdWt

•OU-processes,i.e.thestationaryprocesssatisfyingtheSDE:

dyt=−λytdt+dzλt,

whereztisasubordinator.
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StochasticVolatilityLévyModels

•ThecharacteristicfunctionφofY(t)isexplicitlyknownfor:

–theCIR-process,

–theGamma-OUprocess:yt∼Gamma,

–theIG-OUProcess:yt∼IG.

•Wenowmodelour(risk-neutral)priceprocessStasfollows:

St=S0
exp((r−q)t)

E[exp(XY(t))]
exp(XY(t)),

whereXtisaLévyprocesswith

E[exp(iuXt)]=exp(tψX(u)).

•Thecharacteristicfunctionforthelogofourstockpriceisgivenby:

E[exp(iulog(St))]=exp(iu((r−q)t+logS0)
φ(−iψX(u),t)

φ(−iψX(−i),t)iu
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Calibration:Eurostoxx50OptionPrices(HEST)
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Figure7:CalibrationofHeston-StochasticVolatilityModel
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Calibration:Eurostoxx50OptionPrices(HESJ)
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Figure8:CalibrationofHestonwithJumpsStochasticVolatilityModel
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Calibration:Eurostoxx50(BNS-OUGamma)
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Figure9:CalibrationofBarndorff-Nielsen-ShephardModel
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Calibration:Eurostoxx50(NIG-OUGamma)
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Figure10:CalibrationofNIG-GammaModel
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Calibration:Eurostoxx50(NIG-CIR)
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Figure11:CalibrationofNIG-CIRModel
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ComparingtheModels

Inthenexttable,wecomparetheaveragerelativepricingerror:

arpe=
1

numberofoptions

∑

options

|Marketprice−Modelprice|
Marketprice

Model:arpe
BS13.48%
MEIXNER8.36%
HEST1.74%
HESJ1.26%
BN-S2.21%
VG-CIR1.06%
VG-OUΓ1.90%
NIG-CIR0.99%
NIG-OUΓ1.75%

Table1:Globalfiterrormeasures
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SimulationoftheCIRProcess

WediscretizetheSDE

dyt=κ(η−yt)dt+λy
1/2
tdWt,y0≥0.

ThesamplepathoftheCIRprocessy={yt,t≥0}inthetimepointst=n∆t,n=
0,1,2,...,isthengivenby

yn∆t=y(n−1)∆t+κ(η−y(n−1)∆t)∆t+λy
1/2
(n−1)∆t

√
∆tvn,

where{vn,n=1,2,...}isaseriesofindependentstandardNormalrandomnumbers.
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Figure12:SimulationofCIR-process
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SimulationoftheGamma-OUProcess

SimulationofaGamma(a,b)-OUprocessy={yt,t≥0}inthetimepointst=n∆t,
n=0,1,2,...:

•simulateinthesametimepointsaPoissonprocessN={Nt,t≥0}withintensity
parameteraλ;

•letũnareaseriesofindependentUniformrandomnumbers;

•letxnbeexponentialrandomnumbers:xn=−log(un)/b,whereunareaseriesof
independentUniformrandomnumbers;

•then(withtheconventionthataemptysumequalszero)

yn∆t=(1−λ∆t)y(n−1)∆t+
Nn∆t ∑

n=N(n−1)∆t+1
xnexp(−λ∆tũn).
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SimulationoftheGamma-OUProcess
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Figure13:SimulationofGamma-OUprocess
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SimulationoftheNIG-LévyProcess

SimulationofaNIG(α,β,δ)processX={Xt,t≥0}inthetimepointst=n∆t,
n=0,1,2,...:

•FirstsimulateIG(δ,
√
α2−β2)randomnumbersikbyforexampleusingtheInverse

GaussiangeneratorofMichael,SchucanyandHaas.

•ThensampleasequenceofstandardNormalrandomvariableuk.

•NIGrandomnumbersnkarethenobtainby:

nk=βik+
√
ikuk;

•Finally,X0=0,Xn∆t=X(k−1)∆t+nk,k≥1.
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Figure14:SimulationofNIGprocess

30



SimulationofallIngredients:
TheNIG-CIRcombination
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Figure15:Simulationofyt,Yt,Xt,XYt,andSt
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ExoticOptions

Next,wewillpriceawholerangeofexoticoptionsandcomparethepricesobtainedunder
thedifferentmodels.

•Thedown-and-outbarriercalloption(DOB)

•Theup-and-inbarriercalloption(UIB)

•LookbackCallOption

•DigitalBarrierOptions

•Cliquets

min







capglob,max







floorglob,
N∑

i=1
min







caploc,max







floorloc,
Sti−Sti−1

Sti−1

































ThecliquetoptionpayoffdependsonNfuturestockpricesvalues.
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ExoticMonte-CarloOptionPricingandBack-Testing

•Wepricealloptionsusing1.000.000simulatedpaths.

•ForallthetimetomaturityisT=3andK=S0.

•Inordertochecktheaccuracyofoursimulationalgorithmwesimulatedoptionprices
forallEuropeancallsavailableinthecalibrationset:thepricedifferencewerealways
lessthan0.5percent.

LookbackPrices

HESTHESJBN-SVG-CIRVG-OUΓNIG-CIRNIG-OUΓ

838.48845.19771.28724.80713.49730.84722.34
Table2:LookbackOptionPrices

33



DigitalOptionPrices
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Figure16:DigitalBarrierprices
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BarrierOptionPrices(DOB)
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Figure17:DOBprices
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BarrierOptionPrices(UIB)
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Figure18:UIBprices
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CliquetOptionPrices

−0.0500.050.10.15

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

Global Floor

O
p

tio
n

 p
rice

Cliquet − Eurostoxx 50 − 07−10−2003;
 localfloor=−0.03, localcap = 0.05, globalcap=+infinity, T=
3, N=1, ti=i/2

NIG−CIR
NIG−OUGamma
VG−OUGamma
VG−CIR
HESJ
HEST
BN−S
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MomentDerivatives

•Wehaveaclearissueofmodelrisk.

•Wepushthisstudyalittlebitfurtherbylookingatmomentderivatives
1
.

•Theirpayoffisafunctionofpowersofthe(daily)log-returnsandallowtocoverdifferent
kindsofmarketshocks.

•Varianceswapswerealreadycreatedtocoverchangesinthevolatilityregime.

•Howeverskewnessandkurtosis,alsoplayanimportantrole.Toprotectagainsta
wronglyestimatedskewnessorkurtosis,momentderivativesofhigherordercanbe
useful.

•Recenttheoreticalwork(Corcuera-Nualart-S,2004)showsthatmomentassetsarethe
instrumentswhichcannaturallycompleteaLévydrivenmarket.

1
bysomepeoplealsocalledBelgianChocolateDerivatives
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MomentSwaps

•Considerafinitesetofdiscretetimes{t0=0,t1,...,tn=T}atwhichthepathofthe
underlyingismonitored.

•Denotethepriceoftheunderlyingatthesepoints,i.e.Sti,bySiforsimplicity.

•Thekth-momentswapisacontractwherethepartiesagreetoexchangeatmaturity:

MOMS
(k)

=N×






n∑

i=1
(log(Si)−log(Si−1))

k






=N×










n∑

i=1







log(
Si
Si−1

)









k








,

whereNisthenominalamount.

•VarianceSwap:

VS=N×






n∑

i=1
(log(Si)−log(Si−1))

2






.

•MOMS
(3)

isrelatedtorealizedskewnessandprovidesprotectionagainstchangesin
thesymmetryoftheunderlyingdistribution.

•MOMS
(4)

derivativesarelinkedtorealizedkurtosisandprovideprotectionagainstthe
unexpectedoccurencesofverylargejumps
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HedgingMomentSwaps-1

•Weusethefollowing(Taylor-like)expansionofthekthpowerofthelogarithmicfunction
andworkwithswapswithfuturepricesFi=exp((r−q)(T−ti))Siasunderlying:

(log(x))
k

k!
=x−1−log(x)−

(log(x))
2

2!−
(log(x))

3

3!−...−
(log(x))

k−1

(k−1)!
+O((x−1)

k+1
).

•SubstitutingxbyFi/Fi−1leadsto:

(log(Fi/Fi−1))
k

=k!









∆Fi
Fi−1

−log(Fi/Fi−1)−
k−1 ∑

j=2

(log(Fi/Fi−1))
j

j!
+O((∆Fi/Fi−1)

k+1
)







,

where∆Fi=Fi−Fi−1.

•SummingoverigivesadecompositionoftheMOMS
(k)

payoff:

MOMS
(k)

=−Nk!(log(FT)−log(F0))

+Nk!
n∑

i=1

∆Fi
Fi−1

−
k−1 ∑

j=2

Nk!

j!
MOMS

(j)

+O(
n∑

i=1
(∆Fi/Fi−1)

k+1
)
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HedgingMomentSwaps-2

•Thusupto(k+1)th-ordertermsthesumofthekthpoweredlog-returnsdecomposes
intothepayoutsfrom:

–alog-contract(−k!(log(FT)−log(F0)));

–adynamicstrategy(k!
∑

n
i=1

∆Fi
Fi−1);

–aseriesofmomentcontractsoforderstrictlysmallerthank.

•Thelog-contractitselfcanbehedgedbyastaticpositionintheunderlying,inabond
andina(discreteapproximationofacontinuous)setofEuropeanvanillacallandput
optionsmaturingattimeT(Carr-Lewis).

•Notethat

LOG=exp(−rT)EQ[log(ST)−log(S0)|F0]

=exp(−rT)







−i
∂φ(0,t)

∂u−log(S0)









Hence:

LOGhest=exp(−rT)(2κ)−1
(

2κrT−ηκT−ηe−κT+η−σ
2
0+σ

2
0e−κT

)

LOGLevySV=exp(−rT)
(

rT+E[YT]E[X1]−log(E[exp(XYT)])
)

LOGBN−S=exp(−rT)






rT+
1

2bλ

(

(a−bσ
2
0)(1−e−λT)−aλT(1+2λρ

2
(b−ρ)−1

)
)
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MomentOptions

•Relatedtotheabovediscussedswaps,wedefinetheassociatedoptionsontherealized
kthmoment.Moreprecisely,amomentoptionoforderk,paysoutatmaturityT:







n∑

i=1
(log(Si/Si−1))

k
−K







+

.

•Thepriceoftheseoptionsunderrisk-neutralvaluationisgivenby:

MOMO
(k)

(K,T)=exp(−rT)EQ















n∑

i=1
(log(Si/Si−1))

k
−K







+






.

•Notethatsinceoddmomentscanbenegative,thestrikepricefortheseoptionscan
rangeoverthewholerealline.
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PricingofMomentsSwaps

orderHESTBN-SVG-CIRVG-OUΓNIG-CIRNIG-OUΓ

e−rTEQ

[

MOMS
(2)

]

623.89804.60557.55628.85557.75641.71
e−rTEQ

[

MOMS
(3)

]

-0.0807-312.58-21.03-74.91-21.69-88.82
e−rTEQ

[

MOMS
(4)

]

0.6366322.407.869833.898.55447.99

Table3:Momentswaps(N=10000)
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Pricingof2nd-MomentOption
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Figure20:Momentoptionof2ndorder
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Pricingof3rd-MomentOption
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Figure21:Momentoptionof3rdorder
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Pricingof4th-MomentOption
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Figure22:Momentoptionof4thorder
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Conclusion

•TheBlack-Scholesmodeldoesnotcorrespondwithreality.

•Moreover,Black-Scholes-exoticoptionpricesdependheavilyonethechoiceofthe
volatilityparameteranditisnotclearwhichvaluetotake.

•MoreadvancedLévyprocess-basedmodelsgiveaveryaccuratefittorealmarketoption
data.

•Monte-Carlosimulationforthesemodelsispossible.

•Pricesofexoticshowevercandiffersignificantlyoverdifferentattractivemodels.

•Wehaveaclearissueofmodelrisk.

•Wehavepushthiusstudyfurtherbypricingmomentderivatives.

•Momentderivativesarerelatedtorealizedhighermoments.

•Hedgingaspectsofmomentswapswerediscussed.

•Bypricingmomentswapsandmomentoptions,wehaveshownthatthedisparitybe-
tweenthemodelsisamplified.

•Moredetailedstudiesareneededinordertodifferentiatebetweenthemodels.

THEEND
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